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ABSTRACT

One of the ways to calculate dividend for an investment is by using average lowest balance (ALB)

concept. The existing calculation of dividend based on ALB concept can only be done yearly. This paper

discusses on the development of a general formula to calculate the accumulated amount for any period

of time, based on the ALB concept that considers different yearly dividend rates. The patterns for each

variable and coefficient for the calculated yearly accumulated amount were analysed. The general forms

of each variable and coefficient were then combined to form the general formula for calculating the

accumulated amount. Validity of the general formula is confirmed by calculating the percentage errors

and proven by using mathematical induction.
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INTRODUCTION

In finance, the three most common formulas
used to calculate dividend earned are simple
interest, compound interest and annuity
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formulas. In annuity, equal amount of money
is invested at equal interval of time over a
certain period, where the rate of dividend
is assumed to be the same throughout the
period of investment. Annuity uses the
concept of compound interest. In this paper,
the assumption made is almost the same as
in annuity, that is equal amount of money is
invested at an equal interval of time. However,
the yearly dividend rates are assumed to be
different and the dividend calculated is based
on the ALB concept.

In Malaysia, among the investment
plans that use the ALB concept in calculating
dividends are Tabung Haji (TH), Amanah
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Saham Bumiputera (ASB) and Skim Simpanan Pendidikan Negara (SSPN-i) (Azlan, 2012;
Zaaba, 2010). The current practice of finding the accumulated amount based on ALB concept
is by adding up the lowest balance of each month in a year to obtain the average balance for
the year. Then, the average balance will be used to find the dividend earned by using the simple
interest formula. The accumulated amount obtained for the first year will be carried forward
to the next year. The same calculation will be done for the second year, third year and so on.
Thus, investment plans based on ALB cannot use annuity formula to find the accumulated
amount. As of now, there is no general formula to calculate the accumulated amount over a
period of time based on the ALB concept. This paper discusses the development of the general
formula for calculating the accumulated amount based on ALB by observing the pattern of
yearly dividend and accumulated amount earned.

Many researchers have developed mathematical models to solve problems in various fields
such as in genetic study (Diehl & Gorg, 2003), growing of cells (Finegood et al., 1995) and
describing a real phenomenon (Nei & Li, 1979). While some other researchers from different
fields such as music (Jones, 1987; Liu et al., 1999; Conklin, 2002; Meredith et al., 2002; Lu et
al., 2004) and image processing (Jamil et al., 2004; Jamil & Bakar, 2006) analysed patterns to
solve their problems. There are also some social studies done on investment of Tabung Haji
(TH), Amanah Saham Bumiputera (ASB) and Skim Simpanan Pendidikan Negara (SSPN-1)
(Zin, 1999; Ishak, 2011; Yusuf, 2011; Yahaya et al., 2009; Haron et al., 2013; Zainal et al., 2009;
Hamzah et al., 2011; Musa et al., 2011). In this paper, a mathematical model is developed to
solve a problem in the finance field. The method used is developing the model by analysing
patterns.

In this study, the general formula is developed based on the existing calculations for
calculating yearly accumulated amount. The calculation of dividend earned for the i year,
D; is as follows:

D, = Brit;, M

where P; is the average lowest balance of each month in i year, 7, is the dividend rate for the

iy, year and ¢ is the term (in year). The term P; can be obtained by using (2):
12

P

E ! 2

b
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T2
where P, is the monthly lowest balance in a year. After all the values of D, have been calculated,
the accumulated amount for m™ year, S,, can then be obtained using (3), as follows.

%=anwm 3)

where D; is the dividend earned until the m™ year, B is the monthly savings amount and m is
the number of years.
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The frequency of depositing money into the account, £, is assumed to be of monthly basis
or equivalent to 12. Based on Azlan (2012), Zaaba (2010), and Diehl and Gorg (2003), the
equations for calculating yearly accumulated amount are as follows:

S, = B(12+6.51) )
S, = B24+18.5r +6.5(1+7,)) (5)
S, = B(36 +30.57 +18.57, (1+73) + 6.51, (1+15)(L +13)) 6)

Sy =B(48+42.5r, +30.515(1+7,) +18.5r,(1+ 1)1+ 1)+ 6.51,(1+ 1)1+ 15)(1 + 1)) (7)

Equations (4), (5), (6) and (7) are used as references in order to develop the general formula.

DEVELOPING THE GENERAL FORMULA

The General Form of the Variables

The development of the general formula begins with analysing the pattern of the variables.
The variables for the second term until the last term of each equation (4), (5), (6) and (7) are
put in a triangular coefficient, as shown in Figure 1.

n

/

”» nil+r)

,3/:-:(lv13| nl+rn)l+r)
'A|l+r1 ml+rnll+rg) nll+nKl+nil+rg)

Figure 1. Triangular variable

The patterns of the variable for the second and the third terms are obvious, as shown by the
red and blue arrows, respectively. Tables 1 and 2 show a summary of variables for the second
and the third terms.

Table 1
A summary of the variables for the second term

Number of Year(s), m S, Variable for Second Term
1 S, 7
2 S, 7
3 S, 73
4 Sy Iy
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Table 2
Summary of variables for the third term

Number of Year(s), m S, Variable for Second Term
2 S, r(1+7,)
3 Ss r(1+ 13)
4 M ry(1+ 1)

From Tables 1 and 2, the general form for the variable of the second term is 7,,, where m=1,2,3,...
while the general form for the variable of the third term is r,,.(1+7,) where m=2,34,...

Rearranging equation (7) is done to obtain the general formula for the variable of the
fourth term and above.

S, =B(48+42.5r, +30.5r;(1+71,) +6.5r,(1+ )1+ r5)(1 +1,) +18.51, (1 + 15)(1 + 7)) (8)

Equation (8) can be visualised as in Figure 2.

Fifth term Fouth term

n(l+r XI+r XI+r ) +r(1+ry X1+ry)

o ~ J\ J
4 4
r:_,n(l-rr,,.) r3_,n(l+r“.)

w=2_ Vul ,

$ 1000

k=2 w=k

Figure 2. A summation of fourth and fifth terms in S,

Figure 2 explains the formation of general formula for variables of the fourth term and above.
Even though the equation for calculating the accumulated amount has more than five terms, it
was found that the pattern of summation was still the same as in Figure 2. Hence, the general
formula for the variables of the fourth term and above is;

m-1

Z(rk_l [Ta+ rw)) where m =3,4.5,...
= w=k
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The General Formula for the Coefficients

The coefficients in equations (4), (5), (6) and (7) are arranged and can be visualised as follows:

Figure 3. Triangular coefficient

In Figure 3, the value of the coefficient at the vertex is 6.5. This coefficient can be calculated
based on the formula of average lowest balance for the first year, which is:

/
azz v, |-12(a-1)
y=1

A= ;
12

)

where P; is the average lowest balance for the first year, f1s the frequency of depositing money
12

into the account and @ = —. In the example, fis 12 and thus, a=1. Equation (9) is only suitable

for fequals to 1, 2, 3, 4, 6 and 12 only. Next, the general formula for 4,, is developed (refer

to Table 3).

Table 3
Summary of variables for the third term

Number of Year(s), m S, Coefficient for Second Term  General Form of Coefficient
1 S 6.5 P+12(m-1)
2 S, 18.5 P +12(m-1)
3 S; 30.5 P+12(m-1)
4 S, 42.5 P +12(m-1)

It can be seen that the coefficient for the second term is the addition of P, and 12(m-1) . This
is shown in Figure 3, whereby the first coefficient of the following row is obtained by adding
12 to the coefficient of the previous row. Hence, the general formula for 4, is:

/.
a*y y|-12(a-1)
24 w

A = +12(m -1),

m 12
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As with A,,, the value of P, is still maintained, but it must be added with 12(m-2) . Hence,
the general formula for C,, is as follows:

,
azzy]—n(a—l) an
c, =+ 2= > +12(m - 2),

Previously, to form the general formula for the variables of the fourth term and above, the
summation symbol was used. Since the coefficient of the fourth term and above must be added,
the general form of these terms must be placed inside the summation, too. Hence, the general
form of the fourth term and above must be written in terms of the variable &£ and not in terms
of variable m. In the general formula of the variables for the fourth term and above, the index
of summation started from k=2 until k=m-1. By relating the index & with the coefficient for
the fourth and the fifth terms, the general form for the coefficients are summarised in Table 4.

Table 4
A summary of coefficient for fourth and the fifth terms

Sm Value of £ Coefficient for Fourth Coefficient for Fifth Term General Form of
Term Coefficient

S5 6.5 - P+12(k-2)

S, 6.5 P+12(k-2)
18.5 P+12(k-2)

Hence, from Table 4, the general form for the coefficients of the fourth terms and above is
P+12(k-2) and it is written as follows:

s
2

a Ey ~12(a-1)

D, =+ +12(k = 2),
e T (k-2)

Combining the General Formulas for Variables and Coefficients

(12)

The general formula for the first term, second term and the consecutive terms, as well as
the coefficients for the terms can be combined to produce a general formula to calculate the
accumulated amount. The general formula is as follows:

B(12m+ A,,r,)
B12m+ A,,r, +C,r, (1+71,))
12m + Ami"m + Cmrm—l 1+ rm)

Sw =14l (13)

+ g(Dkrk_llj(l+ rw)]
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Where,
/
a22y]—12(a—1)
|
4, =7 +12(m-1
" o (m=1)
J
aZEyJ—IZ(a—l)
=
C, =~ +12(m -2
m o (m=2)
2 -
a y|-12(a-1)
D, = +12(k-2)

12

Hence, the general formula for calculating the accumulated amount of money based on average
monthly lowest balance that considers different yearly dividend rates has been obtained.
Nonetheless, there are a few limitations to this formula. First, a person must practise discipline
savings. Discipline saving refers to depositing the same amount of money at regular interval of
time. In this study, a person may choose either to deposit money into the account every month,
every two months, every three months, every four months, every six months or every twelve
months. The frequency of depositing money into the account must be the same throughout the
savings period amount. It is also assumed that no withdrawal is made during the savings period.

RESULTS AND DISCUSSION

The accuracy and reliability of the developed general formula is tested using percentage errors
and mathematical induction.

Percentage Errors

The accumulated amount was calculated by using the general formulas that have been developed
by using MAPLE. The results of calculations from MAPLE were then compared with the yearly
calculations done using Microsoft Office Excel by finding the percentage error. The percentage
errors were calculated for all the frequencies of depositing money into the account that was
being considered in this study. Table 5 shows the percentage errors calculated in which the
frequency is 12 (i.e., monthly deposits).
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Table 5
The percentage error for monthly deposits

Year Existing model (RM) Developed model (RM)  Percentage error (%)
1 626.0000 626.0000 0

2 1306.8350 1306.8350 0

3 2029.2226 2029.2226 0

7 5868.6116 5868.6117 1.70E-06

15 17 526.4867 17 526.4867 0

16 19 420.7194 19 420.7195 5.15E-09

17 21462.1570 21462.1570 0

23 37 695.8275 37 695.8275 0

From Table 5, most of the percentage errors are 0%. The largest error is 1.7 x 10%%, which
is equivalent to 0.0000017% and it is considered to be a very small error that might be due to
rounding off. Hence, the developed general formula can be considered as accurate and reliable.

Mathematical induction

According to Solow (2005), mathematical induction must be considered when a statement
has the form “for every integer m > 1, something happens” The “something happens” is some
statement P(m), whereby it depends on the integer, m. Solow (2005) also mentioned that
there are two words related to induction, which are, “integer” and also “>1”. Based on these
statements, this study chose to prove the developed general formula by using the mathematical
induction. Generally, there are two steps in induction, which are to verify that P(1) is true and
prove that P(i+1) is true, assuming that P(i) is true. Proving of the general formula (14) by
using the mathematical induction is explained below:

For every integer m >3,

m-1 m
S, =Bl12m+A,r, +C,r,_ (1+r,)+ 2 (Dkrk_] 1+ rW)J
) W=
where
f
a22y ~12(a-1)
4, =+ +12(m-1) = P, +12(m~1)
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/.

azzy]—IZ(a—l)

y=I1

C, = 5 +12(m=2) =P, +12(m-2)

/.

azzy]—IZ(a—l)

y=1

12

Dk=

+12(k=2) = P, +12(k -2)

The analysis of the proof is discussed below. Let assume that the statement is written as
follows:

m-1 m
P(m): S, =B(2m+A,r, +C,r, (1+r,)+ 2 (Dyr,_, ]_7[(1 + rw))]
=) W=
where

A, =P +12(m-1)
C, =P +12(m-2)

D, =P +12(k-2)
The induction steps are as follows:
Step 1: Verify that P(3) is true.

In this part, monthly deposits case was considered. Hence, /=12 and so a=1. All the values of
m are replaced with 3. Therefore, by substituting these values into P(m), P(3) is obtained as
follows:

P(3):S; = B(36 +30.5r;, +18.5r,(1+75) + 6.5 (1+1,)(1 +73))

Hence, the statement is clearly true for m=3.

Step 2: Assume P(i) is true. By substituting m with i, P(7) is as follows:
il i

P@): S, =B|12i+ 41, +Cir; ((L+r,) + (Dkrk ! (1+rw))]

k

k=2 w=

where

A =P +12(i-1)
C. =P +12(i-2)
D, =P, +12(k-2)
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Step 3: Show P(i+1) is true. Then, P(i+1) that needs to be obtained is as follows:

l

(il
P@+1): S, =Bl 12+ 1)+ 41y + Cryri (1 +ri+1)+2(Dkrk—l (1+”W)J] (15)

=2

where
A =P +12i

Cio =B +12(-1)

D, =P +12(k-2)

In order to show that P(i+1) is true, the left hand side (LHS) of (15) can be written as follows:

P(i+1): S,y =S, +[(S, +BP)r, 1 +12B (16)
The accumulated amount until the i year is added with the dividend i+1" of the year and the
total monthly savings for the i+1" year. The right hand side (RHS) of (16) is expanded and
hence, P(i+1) can be obtained as follows:

Pi+1): S, =S, +[(S, +BP)r

I+

1+12B

i1

Dkrk l_l(l+rvt)

12i+ Ay + Ciry (L+ 1) +
+ |B| & +BP |r.,, +12B

2 Dyri ﬂ(m ))] !

1+ rw)) +12ir,,, + Ay,

i-1

=B|12i+ 41, + Cir; l(1+r)+2

i-1

12i+ A;r; + Cir;y 1(1+}”)+Z(Dkrk_1

+(r+l)z Dyr,_ 11_7[(1+rw)

122604+ D)+(12i + P)ryy + AU+ 7, )+ Cor L+ )L+ 7)) +

+Cir i (L+1)

i+l

W=

+Pr., +12

17i+1

=B (1+ri+1

~

Z(DN’HI:[(I*"’W)

2+ +12i+ 1) ; +(  +12G-1) A+ )+ ( (+120=2)) 0+ HA+ )]

+((2( k k"l:[(“ w))](“ m] |

i-1

BI12(i+ 1) + A1y + Cqri (L4 134,) + Dy (1+r)(1+r+1)+Z(Dka—1H(1+r )(1+”+1)]]

i+l
BI12Gi+ 1) + A7y +Cry ,<1+r+.>+;(0 i 1]"7[(1+r )H
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Therefore, equation (16) is equal to the right hand side of (15). Thus, the statement is true for
i+1 and hence, it is true for all positive integers m. Therefore, the proof is complete.

CONCLUSION

The general formula for calculating the accumulated amount of money based on average
monthly lowest balance at any period of time with different yearly dividend rates has been
developed. Nonetheless, the general formula can only be used to calculate the accumulated
amount of money if a person deposits the same amount of money into the account every month,
every two months, every three months, every four months, every six months or every twelve
months only.

The formula has been tested by using the MAPLE software. The accumulated amounts
obtained from the calculations done using the MAPLE software were then compared with
the accumulated amounts calculated using the existing formula. Comparisons were made by
looking at the percentage error and the result shows that most of the percentage errors are 0%.
Therefore, it can be concluded that the developed general formula gives accurate accumulated
amount. Then, the general formula was proven by using mathematical induction. This formula
can be used as an alternative general formula for calculating the accumulated amount as it
is simple and easy to use. Finally, this is beneficial to the financial institutions that choose to
adopt this concept of calculating dividends.
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